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Abstract

Weingarten surfaces are characterized by a functional relation between their principal curvatures. Such
a specialty makes them suitable for building surface paneling in architectural applications, as the curvature
relation implies approximate local congruence on the surface thus the molds for paneling can be largely
reused. In this work, we aim at a novel task of Weingarten surface approximation. Given a surface mesh
with arbitrary topology, we optimize its shape to make it as Weingarten as possible. We devise a curvature-
based optimization approach based on the fact that the 2D principal curvature plots of a Weingarten surface
comprise a group of 1D curves that encode the curvature relations. Our approach alternatively performs
two steps. The first step transforms the principal curvature plots from a 2D region to 1D curves in order
to explore the curvature relations. The second step deforms the shape such that its curvatures conform to
the corresponding transformed curvature plots. We demonstrate the effectiveness of our work on a variety
of shapes with different topologies. Hopefully our work would bring inspiration on the study of general
Weingarten surfaces with arbitrary topology and curvature relation.

Keywords: Shape optimization, Shape approximation, Weingarten surface

1. Introduction

Surfaces possessed of specific curvature features have attracted significant attention in the field of com-
puter graphics. Typical cases of these surfaces, such as developable surfaces and minimal surfaces with
vanishing Gaussian curvature and mean curvature, respectively, are widely studied and utilized in computer-
aided design and manufacturing areas, particular in the prototype design using flat materials and membrane
materials Yang et al. (2014); Kilian et al. (2017); Wang et al. (2023).

However, Weingarten surfaces, which are the superset of developable and minimal surfaces, lack graphics
research attention. Different from developable or minimal surfaces, Weingarten surfaces do not hold a
particular constraint on one type of curvature, but are characterized by a general relation between its
two principal curvatures. Weingarten surfaces were first introduced by Weingarten (1861, 1863) and further
studied by geometry researchers in the last few decades. They have recently gained attention in the graphics
field because it benefits the design and construction of architectural freeform surfaces Pellis et al. (2021).
Due to the local shape congruence enabled by the curvature relation, architectural skins modeled with
Weingarten surfaces can be segmented into geometrically similar panels and fabricated with the same mold,
which largely reduces the engineering budget.

However, approximating a given surface with general Weingarten surfaces is challenging. This is mainly
attributed to the wide range of curvature relation allowed by the Weingarten surface. The large degree of
freedom makes it difficult to model the curvature characteristics of Weingarten surfaces as specific geometric
constraints as those for developable and minimal surfaces. As a result, most prior works studied Weingarten
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Figure 1: Weingarten surface approximation. Top left : The input triangular mesh and its principal curvature plots on (κ1, κ2)
plane. Bottom left : The output mesh and its curvature diagram after optimization. The color-coding shows the deviation from
the input, indicated as the percentage of the bounding box diagonal of the mesh. Right : Conceptual design and visualization
of a façade structure based on the output.

surfaces with specific curvature relations only Tellier et al. (2019, 2020b,a, 2023); Wang and Pottmann
(2022). Pellis et al. Pellis et al. (2021) investigated the general Weingarten surface approximation where B-
spline surfaces were used to represent the target shape. They implicitly modeled the relation of curvatures as
the alignment of curvature isolines where the two gradients of Gaussian and mean curvatures are optimized
to be linearly dependent. Although using B-spline surfaces enables exact computations of curvatures and
their derivatives, the shapes to be approximated are restricted to having a regular parametric domain.

In this paper, we propose a more generalized Weingarten surface approximation method for mesh surfaces
(see Fig. 1). Our method takes advantage of the representation ability of polygon meshes, as well as the
availability of abundant mesh models in the field. However, simply following the approach of Pellis et al.
(2021) by optimizing its discretized counterpart is not feasible because the optimization therein requires the
surface derivatives up to the fourth order, which cannot be easily formulated on mesh surfaces. Inspired
by the developable surface approximation method based on manipulating the Gaussian image Binninger
et al. (2021), our method leverages the transformation of the principal curvature diagram to drive the shape
approximation. We deform the shape geometry in an as-Weingarten-as-possible manner, while keeping it
close to the original shape. More specifically, we iteratively update the principal curvatures in the curvature
diagram such that the curvature plots transform from a 2D region to a group of curves that encode the
curvature relations, while optimizing the mesh vertices to conform to the updated curvatures accordingly
until convergence. Extensive experiments demonstrate that our method is effective on meshes with different
topologies from different shape categories.

Our work makes the following contributions:

• We attempt a new task of Weingarten surface approximation on general mesh surfaces.

• We devise a novel approach that uses the curvature diagram transformation to guide the mesh defor-
mation for the Weingarten surface approximation.

• We have achieved the Weingarten surface approximation on more complicated shapes that have not
been done before.

In the next section, we will introduce the related work of Weingarten surfaces and curvature-based mesh
optimization. We will describe the pipeline of our method in the Section 3, and will demonstrate with
diverse types of meshes in the Section 4. Finally, the implementation detail, limitations and future work
will be discussed in Section 5 and Section 6.
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2. Related Work

2.1. Weingarten surfaces

Weingarten surfaces are characterized by a functional curvature relation between two principal curva-
tures f(κ1, κ2) = 0 (or equivalently between Gaussian and mean curvatures f(H,K) = 0) Krivoshapko
and Ivanov (2015). Mathematically, Weingarten surfaces are classified into the following main groups:
surfaces of revolution, curved tube surfaces where one principal curvature is constant, helicoidal surfaces,
surfaces of constant Gaussian curvature, and surfaces of constant mean curvature Kühnel and Steller (2005);
Krivoshapko and Ivanov (2015). Noted these groups are not exhaustive. The principal curvature diagram
of a Weingarten surface lies in the (κ1, κ2) plane and comprises a group of curves below the straight line
defined by κ1 = κ2 (κ1 is the maximum principal curvature and κ2 is the minimum one). The diagram only
occupies one and two halves quadrants of the whole plane Hopf (1989).

Some research works focus on studying the Weingarten surface by first identifying a mathematical feature
of it on the continuous setting, then generating discrete Weingarten surfaces according to this feature and
target practical applications. However, most of these works apply to one specific type of Weingarten surfaces
only. For instance, Wang and Pottmann (2022) studied Weingarten surfaces with a constant ratio of principal
curvatures, named CRPC surfaces. Compared to general Weingarten surfaces, CRPC surfaces have a more
specific relation between their principal curvatures, reducing the difficulties for surface modeling and editing.
Some works utilize the characteristics of Weingarten surfaces as additional constraints for shape exploration
on top of certain discrete mesh structures, such as principal symmetric meshes Pellis et al. (2020) and C-
meshes Liu et al. (2023). Although these works are not directly related to the Weingarten surface modeling,
they demonstrate that Weingarten surfaces have a potential for structure design.

Works from civil engineering and architectural design fields aim at using Weingarten surfaces in real
construction circumstances. Thus, they combined the physical stress based constraints with characteristics
of Weingarten surfaces. Similar to the theoretical work mentioned before, these engineering works usually
focus on one specific type of Weingarten surface only, for the purpose of making it easier to incorporate
into the optimization process. Tellier et al. Tellier et al. (2023) studied linear Weingarten surfaces, whose
principal curvature relation is a linear function, in the isotropic space. Applications of linear Weingarten
surfaces on designing architectural surfaces or special beam structures were also explored in Tellier et al.
(2019, 2020b,a).

2.2. Curvature-driven mesh optimization

Mesh optimization has been extensively studied for various applications in shape modeling, such as
mesh parametrization, shape deformation, geometric design, etc. Botsch et al. (2010). Here we review the
mostly relevant works that optimize meshes directly with the guidance of curvatures. The majority of works
manipulate the shape of the input mesh by the curvature flow of different types of curvatures, including
mean curvature Desbrun et al. (1999); Kazhdan et al. (2012), Gaussian curvature Jin et al. (2008); Su
et al. (2019); Fang et al. (2020), and their variations Crane et al. (2013). Fang et al. (2020) reconstructed
mesh metric according to the mixture of mean curvature and Gaussian curvature and their corresponding
curvature flows.There are also works that attempt to optimize the shape according to modified curvature
magnitudes. For instance, Eigensatz et al. (2008); Eigensatz and Pauly (2009) utilized curvature magnitudes
estimated within the local neighborhood as the major constraint to optimize the input mesh. In addition
to curvature magnitudes, Pan et al. (2015); Li et al. (2017) employed principal curvature directions defined
by user-input sketches to guide surface generation and optimization.

3. Method

The principal curvature diagram of a Weingarten surface comprises a group of 1D curves on the 2D
plane. These curves are formed by discrete 2D points whose coordinates correspond to maximum and
minimum principal curvatures, implying the curvature relations of their corresponding points on the surface.
According to the curvature diagram, the Weingarten surface consists of multiple smoothly connected patches
with different principal curvature relations.
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Figure 2: Pipeline of our method. Input : We take as input a triangular mesh where we estimate the principal curvatures to
generate the initial curvature diagram. Optimization: We iteratively perform curvature diagram transformation and shape
deformation, where we update curvature values based on local fitting and projection followed by deforming the mesh shape
according to the updated curvature diagram in an alternative way. Output : The output mesh is as Weingarten as possible,
which can be verified by curve-like curvature plots and aligned curvature isolines (deviation from the original shape is also
color-coded).

Our main goal is to optimize a given shape to make it as-Weingarten-as-possible. We propose to first
transform the 2D principal curvature plots into a group of 1D curves, then use the transformed curvature dia-
gram to guide the deformation of the given shape. We alternately perform curvature diagram transformation
and shape deformation in a local-global manner as follows (see also Fig. 2).

In the local step, we move each 2D principal curvature plot in the diagram so that the initial scattered
plots can locally contract into an arc. After the contraction, updated principal curvatures are assigned
to the corresponding vertex of the shape. In the global step, we deform the shape according to the new
principal curvatures under regularizations of shape smoothness and closeness. We choose to alternately edit
the curvature and the shape to avoid the unstable deformation result caused by a large change in principal
curvatures. Limiting the principal curvature transformation in each iteration makes the shape deformation
more robust (see Section 4).

In the following subsections, we describe the local step (curvature diagram transformation) and the global
step (shape deformation) in detail. Our algorithm takes as input a discrete triangulated shape, denoted as
M = {V,F , E} according to its vertex, face, and edge sets. Noted that the input and output shapes have
the same connectivity. The two principal curvatures at vertex vi onM are represented as κi,w, where w = 1
or w = 2 indicates the maximum or minimum principal curvature, respectively. We normalize the input
shape by scaling the shape with a uniform bounding box diagonal.

3.1. Curvature diagram transformation

There are various methods to estimate principal curvatures on discrete shapes. We employ a vertex-
based principal curvature estimation method for the convenience of shape deformation in the next step. This
vertex-based method calculates principal curvatures from a local curvature tensor at each vertex, which is
formed by integrating the edge-based principal curvatures across a surrounding region Cohen-Steiner and
Morvan (2003); Alliez et al. (2003). In practice, we uniformize the input to have a standard edge length.
Then we choose the region by counting the topology n-ring neighborhood area. The minimal region covers
the one-ring neighborhood area as in the Laplacian operator.

The curvature diagram of a smooth Weingarten surface is a group of curves located in the half plane
under the main diagonal of a (κ1, κ2) plane Hopf (1989). In our local step, we first estimate vertex-based
principal curvatures and plot them as 2D points (cf. curvature points) in the (κ1, κ2) plane to construct
the curvature diagram. Then we iteratively contract curvature points into arcs to form a group of curves
similar to Binninger et al. (2021). The main idea is that, for each curvature point, we locally perform
weighted principal component analysis (PCA) within a local neighborhood, and then project the point onto
the principal line from PCA, which is essentially an approximation of curve tangent.
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More specifically, the neighbors of a given curvature point are selected by the k-Nearest Neighbor method
from the curvature space while also being within the target distance in Euclidean space. We first find k
nearest neighbors of the target vertex in the curvature plot. We store the distance of the target vertex
plot and the neighbor plot in the curvature space as dcij . We remark the maximum curvature distance of
each target vertex as γi = max{dcij , j ∈ [0, k]}. We store the distance of the target and the neighbor in the
Euclidean space as deij . Then we set a threshold σ to bound Euclidean distance deij between mesh vertices.
For each vertex vi, we denoted the set of neighoring vertices before filtering by σ as Ni. Then we set entries
of PCA weight matrix as in the following equation:

∀vj ∈ Ni, wij =

{
0 if deij ≥ σ

exp[−( dc
ij

aγi
)2] otherwise

(1)

Note that a is a constant to control the weight falloff according to the distance
in the curvature diagram. The inset figure gives an example. The current vertex vi

is marked by a red triangle. All the other vertices in the inset figure belong to Ni.
Vertices marked in red are valid vertices and they fit a red line, where vi is going
to project on. Vertices marked in blue have wij = 0 as defined in Eqn. 1, meaning
they are too far from vi in Euclidean space. In our implementation, we set σ as 1/5
bounding box diagonal and the k as 1/20 number of vertices of the input mesh as
the default. To stabilize the contraction of curvature plots into curves, we reduce k
in each PCA iteration.

After calculating the weight matrix, we apply weighted PCA to curvature plots to find the best fitting
line for each local neighborhood by eigen decomposition of the covariance matrix:

A = KWKT , (2)

where W denotes the weight matrix as a collection of wj , and K denotes the principal curvature matrix.
Each row in K is a 2D vector κi = (κi,1, κi,2). The normal of the best-fitting line (i.e., local curve tangent
approximation) is the eigenvector of the covariance matrix corresponding to the minimum eigenvalue. We
project each curvature point onto the local tangent to achieve the updated principal curvatures.

Fig. 10 shows the transformation of curvature plots of an input shape. It is easy to see that the scattered
curvature plots are contracted into a group of curves after a few iterations.

3.2. Shape deformation

After curvature diagram transformation in the local step, the updated principal curvatures (denoted as
κ̂i,w) are better correlated to meet the requirement of a Weingarten surface. In the global step, we aim
to update vertex coordinates such that principal curvatures of the deformed shape conform to those in the
curvature diagram as much as possible. We formulate the curvature-guided shape deformation as a nonlinear
least-squares optimization with the following objectives.

Curvature matching. The main objective of our optimization is to minimize the difference between
the curvatures of the shape and the target principal curvatures. To achieve this, we employ the energy term
from Eigensatz et al. (2008); Eigensatz and Pauly (2009) for curvature-based shape deformation which is
defined as the sum of squared principal curvature differences:

fcurv =
1

2
ωcurv

∑
vi∈V

(κi,w − κ̂i,w)
2 (w = 1, 2) (3)

This energy term is highly non-linear because κi,w is solved by eigen decomposition of a 3 × 3 discrete
curvature tensor. Thus we need to compute the derivative of eigenvalues to get the Jacobian concerning the
vertex coordinate. We refer to Eigensatz et al. (2008); Eigensatz and Pauly (2009) and Wardetzky et al.
(2007) for the detailed numerical computation.
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To regularize the highly non-linear principal curvatures objectives and preserve the geometry of the input
shape, we add additional objectives to the optimization.

Smoothness. We exploit per-vertex discrete Laplacian to ensure the smoothness of the resultant shape:

fsmooth =
1

2
ωsmooth

∑
vi∈V

∥
∑

vj∈N 1
i

cij(vj − vi)∥2, (4)

where N 1
i denotes the one-ring neighborhood of vertex vi, vj denotes one of its one-ring neighbors, cij is

the cotangent weight of edge eij . We keep cij constant in our implementation to simplify the optimization
process. Note that for a shape with open boundaries, the smoothness is only defined on inner vertices, while
boundary smoothness is separately defined as follows.

Boundary smoothness. Given the input shape may have one or more boundaries and each boundary
may consist of several smooth boundary segments, we also devise a boundary smoothness term to preserve
the boundary quality of the resultant shape:

fbdry =
1

2
ωbdry

∑
Bj∈B

∑
vi∈Bj

∥vi−1 + vi+1 − 2vi∥2, (5)

where B denotes the set of all smooth boundary segments, Bj is one such boundary segment in B. For
instance, a rectangle-like boundary can be divided into four smooth boundary segments by the four boundary
corner points.

Closeness. We also define a closeness term as a regularizer to preserve the geometry of the current
shape, inspired by Tang et al. (2014). It measures the difference between the current shape and the shape
from the last optimization iteration:

fclose = ωclose

∑
xi∈X

∥xi − xk
i ∥2, (6)

where xi denotes a variable in the optimization system X , x is the value of the current iteration, and xk is
the value from the last (k-th) iteration.

We associate weights ωcurv, ωsmooth, ωbdry and ωclose to each energy term and define the final objective
f = fcurv + fsmooth + fbdry + fclose. We solve the deformed vertex coordinates by minimizing the overall
objective using the Levenberg–Marquardt algorithm.

Algorithm 1: Weingarten surface approximation

Data: κ1, κ2, V , initial value for κ′
1, κ

′
2, V

′, k, f
Fix threshold fmin, kmin, maximum iterations imax, jmax

Initialize i = 0
while k ≥ kmin and i < imax do

Update κ′
1 and κ′

2 by PCA
Initialize j = 0
while f ≥ fmin and j < jmax do

f ← fcurv + fsmooth + fbdry + fclose
Update V ′

j ← j + 1
end
i← i+ 1
k ← k ∗ 0.95

end
Result: V ′
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3.3. Local-global approach

To make the input shape as Weingarten as possible, we perform the local step and global step alterna-
tively. Note that both local and global steps can undergo an iterative process by themselves, i.e., iterative
fitting and projection for the local step while iterative optimization for the global step. The shape defor-
mation usually takes several iterations to converge to a reasonable minimum, while the curvature diagram
transformation usually takes fewer steps to converge as PCA is more stable. Therefore, we set different
numbers of iterations within local and global steps. In practice, we perform one iteration in the local step
while multiple iterations (usually 10-30 till convergence) in the global step. This allows stable curvature-
guided shape optimization with fast convergence. The curvature diagram transformation stops when the
current number of neighbors k is reduced to a constant minimal number kmin. In our implementation, we
reduce the k by 5% in the end of each local iteration. The deformation stops when the total energy is below
a threshold or the number of iterations is over the maximum value Jiang et al. (2021). We summarize our
method in Algorithm 1.

4. Evaluation

In this section, we extensively evaluate our work. First, we demonstrate the results of our method
performed on different types of shapes. Then we visualize the behavior of our method using curvature
diagrams, isolines, gradient alignment and surface smoothness. We also test the method on the example
with different tessellations. Finally, we compare our method with the previous work.

4.1. Results

We evaluate our method on four different types of mesh models, including patches as in Pellis et al.
(2021) (Fig. 3), architectural surfaces (Fig. 4), general shapes with varying topologies (Fig. 5), and organic
shapes like Bunny (Fig. 6). For each test case, we show the input shape, optimized shape, input curvature
diagram, output curvature diagram, and color-coded shape deviation, respectively. The shape deviation is
measured by per-vertex distances as the percentage of the bounding box diagonal.

Patches. As shown in Fig. 3, surface patches have smooth geometry and simple disk-like topology.
The initial curvature diagrams also exhibit a patch-like distribution with more regularly sampled curvature
points. The curvature diagrams after optimization comprise well-established curves. For applications like
CAD and architecture design, it is convenient to achieve an as-Weingarten-as-possible output from a simple
surface patch, which usually has a regular curvature distribution across the whole surface. The maximal
shape deviation is generally on the boundary and the area with significant curvature changes.

Architectural surfaces. Compared to disk-like patches, the architecture models in Fig. 4 have the same
topology as an annulus with different numbers of boundaries. They have unstructured curvature diagrams
compared to simple surface patches. Curvature diagrams of these models after optimization are usually
composed of several different curves that may not be connected altogether, indicating there are multiple
principal curvature relations across the model. This is related to shape approximation with piece-wise
Weingarten surfaces of specific types, which is an interesting topic to explore.

General shapes. General shapes with a more complicated topology such as high genus are rarely
attempted in previous works on Weingarten surface approximation. The proposed mesh-based optimization
approach enables Weingarten surface approximation on such shapes. The initial curvature diagram of general
shapes such as ‘bumpy’ (first row of Fig. 5) is more unstructured compared to patches. It usually takes
more iterations to get a reasonable result.

Organic shapes. As in Fig. 6, organic shapes usually have a sphere-like or torus-like topology but
with large geometric variations compared with the above shape categories. This leads to very scattered
curvature points in the diagram which even contains many plots like visual outliers, making it challenging to
be contracted and optimized in the local-global process. Our method is still effective in terms of simplifying
the curvature plots into more curve-like distribution.
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4.2. Visualization of curvature isolines

As discussed in Pellis et al. (2021), a Weingarten surface will have only one group of principal curva-
ture isolines based on the curvature relation. We use this property to verify our results as in Fig. 7. It
demonstrates that the principal curvature isolines are much better aligned after optimization.

4.3. Visualization of curvature gradient alignment

In addition to the principal curvature isoline visualization, we measure and color-code the alignment of
two principal curvature gradients in Fig 8. We first compute and normalize the gradient of the maximum
principal curvature as well as the gradient of the minimum principal curvature within each mesh face, and
measure their alignment as the absolute value of their dot product. Then the alignment value at each mesh
vertex is defined as a weighted average of those values from the neighboring faces, where the face area is
used as the weight. We also quantitatively measure the average alignment angle θ between two principal
curvature gradients before and after optimization (see Table 1).

4.4. Visualization of Smoothness

To better demonstrate the smoothness of our results, we visualize the input and output of representative
examples with flat shading in Fig. 9. It shows that the deformation optimization does not bring noise and
unstructured faces into the result, which validates the effectiveness of our smoothness terms (see Eqn. 4 and
Eqn. 5).

4.5. Transformation of curvature diagram

Fig. 10 shows the evolution of the curvature diagram of a patch during the optimization. It can be seen
that the curvature plots are contracted during the process and the mesh is deformed accordingly. Usually
the first few steps make larger deformations. The later steps refine the mesh at a smaller scale such that its
principal curvature values better conform to the transformed diagram.

0% 1.30%

0% 6.70%

0% 0.34%

Figure 3: Patches. From left to right : Input mesh, output mesh, initial curvature diagram, resultant curvature diagram, output
mesh with color-coded shape deviation.
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0% 0.90%

0% 1.22%

0% 0.73%

Figure 4: Architectural surfaces. From left to right : Input mesh, output mesh, initial curvature diagram, resultant curvature
diagram, output mesh with color-coded shape deviation.

0% 0.56%

0% 1.20%

0% 1.68%

Figure 5: General shapes. From left to right : Input mesh, output mesh, initial curvature diagram, resultant curvature diagram,
output mesh with color-coded shape deviation.

4.6. Influence of surface tessellation

In Fig. 11 we test on a patch surface that is discretized by three different tessellations: the first row
is a regular tessellation used commonly in CAD meshes; the second row is a low-quality tessellation with
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0% 1.51%

0% 1.24%

0% 1.57%

Figure 6: Organic shapes. From left to right : Input mesh, output mesh, initial curvature diagram, resultant curvature diagram,
intial curvature isolines, resultant curvature isolines, output mesh color-coded shape deviation.

triangles that are nearly degenerate; the third row is another regular tessellation with different connectivities.
The tessellations are generated using mesh editing tools. In our experiment, we used the same weights for
the three cases. It can be seen that our method can effectively generate as-Weingarten-as-possible results
for different tessellations as shown in the contracted curvature diagrams. The input curvature diagrams
are slightly different for different tessellations. The input curvature of the second case is noisy due to the
low-quality tessellation. The optimized shapes are comparable as demonstrated by the color-coded shape
variations. And the output curvature diagrams are almost similar. Our method can generate stable output
without regard to the connectivity and the quality of the tessellation.

4.7. Comparison

Now we compare our result with the prior work. To our knowledge, the only work on general Weingarten
surface approximation is Pellis et al. (2021). However, their work only applies to B-spline surfaces while our
method can work on more general triangular meshes. Also, their optimization is performed on Gaussian and
mean curvatures while our optimization based on principal curvatures. Further, the parametric representa-
tion of B-splines allows explicit computation of curvatures and their derivatives while we need to estimate
curvatures from surface discretizations. For a fair comparison, we generate results on the same patch surfaces
represented by meshes and B-splines respectively (see Fig. 12). The results show that our method can gen-
erate comparable results with the previous work. It is also worth noting that our approach is fundamentally
different by using mesh optimization driven by curvature distribution without the complication of formulat-
ing curvature derivatives as in Pellis et al. (2021). To validate the quality of the results, we demonstrate the
curvature diagram and the isoline visualization of both results in Fig. 12. For a fair comparison, we apply
the same discretization to their B-spline surfaces to get triangle meshes, where we compute the curvatures
in the same way as for our results (i.e., estimate κ1 and κ2 using Cohen-Steiner and Morvan (2003) and
compose H and K). The comparison shows that the curvature diagrams, particularly for H and K, are also
comparable in terms of how the curvature plots are distributed, meaning that both methods can produce
effective Weingarten surface optimization. The minor difference is due to different optimization targets
(principle curvatures vs. mean and Gaussian curvatures), optimization approaches (alternative curvature
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Figure 7: Principal curvature isolines. Top row : Principal curvature isolines of the input meshes. Bottom row : Principal
curvature isolines are aligned after optimization. The red lines are formed by the same maximum principal curvature κ1. The
blue lines come from minimum principal curvature κ2.

0 1

Figure 8: Color-coded principal curvature gradient alignment. Top row : Principal curvature gradient alignment of the input
meshes. Bottom row : Principal curvature gradient alignment of the output meshes. Dot product between gradients of maximum
principal curvature κ1 and minimum principal curvature κ2 are maximized across the mesh surface after optimization.

and geometry updates vs. direct curvature gradient optimization), and shape representation (discrete mesh
vs. continuous B-spline).

5. Discussion

5.1. Implementation details

We implemented our method using C++ based on the geometry processing library LibIGL Jacobson
et al. (2018). We used the half-edge data structure from OpenMesh Bischoff et al. (2002). Our experiments
were running on a laptop with the Apple M1 processor and 32GB memory. Table 1 shows the detailed
statistics of the examples used in this paper. To make it comparable with Pellis et al. (2021), we use
seconds per iteration for the running time, which refers to the time for shape deformation, as it is the most
time-consuming part of our method.
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Figure 9: Visualization of smoothness. We show some representative results rendered with flat shading. Top row : The input
meshes. Bottom row : The output meshes after optimization. The mesh smoothness is well preserved after deformation.

0% 1.32%
Figure 10: Curvature diagram transformation. Top row : The curvature diagram is effectively contracted with the increased
number of iterations from left to right. Bottom row: The meshes are deformed according to the contracted curvature diagram
at each iteration.

5.2. Limitations

The overall Weingarten surface approximation process is computationally expensive. For meshes with
around 2k vertices, it usually takes about 2 seconds per local-global step. This is mainly because we need
to solve the eigen decomposition (for principal curvatures) in each global step for surface deformation as
well as the local step for curvature estimation. Another limitation is the performance on organic shapes
like Bunny, which have complex geometry (see Fig. 6). Other than the challenge of contracting scattered
curvature diagrams, we also observed that the curvature-driven optimization is likely to fall into a local
minimum given the curvatures estimated on discrete meshes are highly non-linear w.r.t. mesh vertices.
When the scattered curvature values drastically change during contraction, the mesh vertices cannot be
effectively optimized during the shape deformation. In Fig. 13, the curvature diagram from transformation
(left) indicated there should be a more obvious functional relation between principal curvatures. However,
the curvature diagram of the deformation result (middle) did not reproduce the transformation result well
because the curvature-driven optimization falling into a local minimum. Thus there is no guarantee of
convergence to an ideal Weighgarten surface. However, as noted in Pellis et al. (2021), even curvature plots
cannot form a clear group of 1D curves, the ‘more Weingarten’ surface after optimization still benefits the
paneling and mold re-use.
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0% 0.31%

0% 0.24%

0% 0.34%

Figure 11: Influence of mesh tessellations. We test on the same shape with three different tessellations. From left to right :
Input mesh with tessellation highlighted, output mesh, initial curvature diagram, resultant curvature diagram, output mesh
with color-coded shape deviation.

Ours

Pellis et al.
(2021)

Ours

Pellis et al.
(2021)

Figure 12: Comparison with Pellis et al. (2021). Left to right : Input meshes, outputs meshes, principal curvature diagram of
the output, mean-Gaussian curvature diagram of the output, isoline visualization of the output. Noted that our optimization
is based on triangular meshes while those from Pellis et al. (2021) are based on B-splines.
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5.3. Further discussion

In our method, we use triangle mesh rather than B-spline surface Pellis et al. (2021) as the shape repre-
sentation for Weingarten surface approximation. This is mainly because mesh representation is more flexible
for general shapes with different topologies, and converting a general mesh model to a B-spline surface is
inherently challenging and even impossible due to their different representation abilities. Our work would
open up new opportunities for general Weingarten surface design and fabrication that is beyond architec-
tural applications. Also, our curvature-driven deformation approach does not require the computation of
higher-order curvature gradients for alignment as in Pellis et al. (2021), thus simplifying the optimization
formulation on meshes where curvature has no continuous analytical form as for B-splines.

On the other hand, as mentioned in Sec. 5.2, our approach poses new challenges, particularly for shapes
with complex geometry. This is mainly because the curvature diagram transformation and shape deformation
optimization are operated in two different domains, namely 2D curvature plot and 3D Euclidean space,
respectively. For complicated shapes such as Bunny, the transformed curvatures would differ severely from
their current values, and thus cannot be easily realized by curvature-driven shape deformation which is a
complex non-linear optimization by itself.

6. Conclusion and Future work

In this paper, we propose a method for a new task of Weingarten surface approximation on discrete
meshes. Our method is based on a novel approach that optimizes the input mesh shape according to the
transformation of its curvature diagram, where the curvature plots are contracted in a way that satisfies
the intrinsic property of Weingarten surfaces. We evaluate our method on a variety of shapes with general
geometry and topology that have not been attempted before. The results demonstrate the effectiveness of
the proposed method and its advantage over prior work. We expect our findings to be inspiring in the field
given the challenging nature of the problem.

In the future, we would like to study how to improve the performance of organic shapes by avoiding
the local minimum in the optimization. We plan to add a better step size control strategy to the curvature
diagram transformation process to prevent curvature plots from changing too much in each step. Also, more
robust global optimization methods can be introduced to explore globally optimal solutions. Moreover, we
would like to explore the possibilities of using Gaussian and mean curvatures instead of principal curvatures
to guide more efficient mesh deformations, which is in line with Fang et al. (2020), where it mainly attempted
perturbing one type of curvature while keeping the other fixed, and the (discrete) Gaussian curvatures need
to be constrained according to discrete Gauss-Bonnet theorem which could be a limitation for optimizing
meshes at different scales. Last but not least, as discussed before, for shapes with complicated geometry
like detailed architectural surfaces and organic shapes, we would like to investigate how to approximate
piece-wise Weingarten surfaces with specific types, as well as adapting surface types to semantic parts to
reduce approximation error. On the other hand, in terms of real fabrication, it would be useful to combine
our method with the architectural paneling framework Eigensatz et al. (2010) to generate panels from reused
molds for fabrication cost reduction.

Figure 13: Limitation of shape deformation. Here we show the intermediate output from the last iteration of optimizing an
organic shape. From left to right : Principal curvature diagram from curvature diagram transformation, resultant curvature
diagram after shape deformation, output mesh.
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Fig. #V (k) #F (k) t(s)/iter ωcurv ωsmooth ωbdry ωclose θbefore θafter
Fig 1, 2, 7a, 8a, 9a 1.3k 2.4k 0.95 1.0 10−4 0.5 10−6 48.59 10.74
Fig 3a, 7b, 8b, 9b 1.6k 3.0k 1.36 1.0 10−4 5×10−4 10−6 46.12 14.31
Fig 3b 0.4k 0.7k 0.18 1.0 0.03 0.3 10−6 51.21 10.31
Fig 3c, 8c 0.6k 1.2k 0.33 1.0 10−4 0.001 10−6 48.52 18.44
Fig 4a, 8d, 9c 1.4k 2.5k 0.93 1.0 10−4 0.005 10−6 46.96 19.34
Fig 4b 1.3k 2.5k 0.94 1.0 10−4 10−4 10−6 40.60 31.67
Fig 4c 0.7k 1.3k 0.39 1.0 10−4 10−4 10−6 35.58 20.72
Fig 5a, 7c, 8e 2.5k 5.0k 1.33 1.0 0.001 - 10−6 40.33 18.66
Fig 5b 1.3k 2.5k 1.02 1.0 0.001 - 10−6 41.64 26.01
Fig 5c, 9d 1.7k 3.2k 1.44 1.0 10−4 0.001 10−6 36.19 26.06
Fig 6a, 7d 3.0k 6.0k 5.27 1.0 5×10−5 - 10−6 40.05 32.44
Fig 6b, 7e, 9e 1.4k 2.6k 1.44 1.0 10−4 - 10−6 41.98 32.93
Fig 6c 2.6k 5.3k 4.36 1.0 10−4 - 10−6 37.71 32.43
Fig 10 1.6k 3.0k 1.39 1.0 0.005 0.1 10−6 57.40 18.81
Fig 11a 0.6k 1.2k 0.33 1.0 10−4 0.001 10−6 48.52 18.44
Fig 11b 0.8k 1.5k 0.63 1.0 10−4 0.001 10−6 38.62 18.76
Fig 11c 0.6k 1.2k 0.33 1.0 10−4 0.001 10−6 43.15 20.56
Fig 12a 0.4k 0.7k 0.18 1.0 0.03 0.3 10−6 51.21 10.31
Fig 12b 0.8k 1.5k 0.46 1.0 5×10−4 0.2 10−6 45.68 19.25
Fig 13 2.6k 5.3k 4.36 1.0 10−4 - 10−6 37.71 32.43

Table 1: Detailed statistics of all the example meshes. From left to right : figure index, number of vertices and faces, mesh
deformation time per iteration, weights in the objectives, and the average angle in degree between principal curvature gradients
before and after optimization.
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